Based on the properties of nonlocal fractional calculus generated by conformable derivatives, we establish some sufficient conditions for oscillation of all solutions for fractional differential equations with damping term. Forced oscillation of conformable differential equations in the frame of Riemann, as well as of Caputo type, is established. Examples are provided to demonstrate the effectiveness of the main results.
Introduction
Fractional differential equations gained considerable importance due to their various applications in viscoelasticity, electroanalytical chemistry, control theory, many physical problems, etc. The books [1] [2] [3] [4] [5] [6] summarize and organize much of fractional calculus and many of theories and applications of fractional differential equations. Many authors have studied the existence and uniqueness of solutions for different types of fractional boundary value problems; see the papers [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] and the references cited therein.
The oscillation theory for fractional differential and difference equations has been studied by some authors (see [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] ). In [23] Recently, in [21] the authors studied the oscillation of a conformable initial value problem of the form ⎧ ⎨ ⎩ a D α,ρ x(t) + f 1 (t, x) = r(t) + f 2 (t, x), t > a, lim t→a + a J j-α,ρ x(t) = b j (j = 1, 2, . . . , m), (1.2) where m = α = min{m ∈ Z|m ≥ α}, a D α,ρ is the left conformable derivative of order α ∈ C, (α) ≥ 0 in the Riemann-Liouville setting and a J α,ρ is the left conformable integral operator.
In [22] the authors studied forced oscillatory properties of solutions to the nonlinear fractional initial value problem with damping
where b is a real number, α ∈ (0, 1) is a given constant, and D α 0 + is the Riemann-Liouville fractional derivative of order α.
In this paper, motivated by the above papers, we study forced oscillatory properties of solutions to the conformable initial value problem with damping in the Riemann-Liouville setting as follows:
is the left conformable derivative of order α ∈ C, (α) ≥ 0 in the Riemann-Liouville setting, and a I α,ρ is the left conformable integral operator.
Moreover, we study the forced oscillation of conformable initial value problems in the Caputo setting of the form 5) where m = α , and This paper is organized as follows. Section 2 introduces some notations and provides the definitions of conformable fractional integral and differential operators together with some basic properties and lemmas that are needed in the proofs of the main theorems. In Sect. 3, forced oscillation of conformable fractional differential equations in the frame of Riemann is presented, while in Sect. 4 forced oscillation of conformable fractional differential equations in the frame of Caputo is established. Examples are provided in Sect. 5 to demonstrate the effectiveness of the main theorems.
Preliminaries
The left conformable derivative starting from a of a function f : [a, ∞) → R of order 0 < ρ ≤ 1 is defined by
The corresponding left conformable integral is defined as
For the extension to the higher order ρ > 1, see [30] .
Definition 2.1 ([31]) The left conformable integral operator is defined by
where α ∈ C, (α) ≥ 0.
Definition 2.2 ([31])
The left conformable derivative of order α ∈ C, (α) ≥ 0 in the Riemann-Liouville setting is defined by
, and a D ρ f is the left conformable differential operator presented in (2.1).
Definition 2.3 ([31]) The left Caputo conformable derivative of order
where m = (α) ,
Forced oscillation of conformable differential equations in the frame of Riemann
In this section we study the oscillation theory for equation (1.4) . We prove our result under the following assumption:
We set
and Proof Let x be a nonoscillatory solution of problem (1.4). Without loss of generality, suppose that T > a is large enough and t 1 > T so that x(t) > 0 for t > t 1 . According to (1.4) and (H), the following inequality is satisfied:
Theorem 3.1 Suppose that (H) and for every sufficiently large T the following conditions hold:
Taking the left conformable integral order ρ for the above inequality from t 1 to t, we can obtain
From Lemma 2.1 and (3.5) we get
which leads to
So, we have 1-ρ for every sufficiently large T. Multiplying both sides of the above inequality by Γ (α), we can obtain
where Φ and Λ are defined in (3.1) and (3.2), respectively. Multiplying (3.6) by (
Taking T 1 > T, we consider two cases as follows.
Case (1): Let 0 < α ≤ 1. Then m = 1 and (
ρα-ρ is decreasing for ρ > 0 and α < 1, we get for t ≥ T 1 (see [21] )
α-1 is decreasing for ρ > 0 and α < 1. Thus, we get
Then, from equation (3.7) and t ≥ T 1 , we get
which is a contradiction to condition (3.3).
Case (2) : Let α > 1. Then m ≥ 2. Also (
t-a t
) ρα-ρ < 1 for α > 1 and ρ > 0. The function h 3 (t) = (t -a) ρ-ρj is decreasing for j > 1 and ρ > 0. Thus, for t ≥ T 1 , we have (see [21] )
Also, since (
From (3.7), (3.10), and (3.11), we conclude that
which is a contradiction to condition (3.3). Therefore, we get that x(t) is oscillatory. In case x is eventually negative, similar arguments lead to a contradiction with condition (3.4). The proof is completed.
Forced oscillation of conformable differential equations in the frame of Caputo
In this section, we study the forced oscillation of conformable initial value problem (1.5). We set
and
Theorem 4.1 Suppose that (H) and for every sufficiently large T the following conditions hold:
where V (t) = exp Proof Let x be a nonoscillatory solution of problem (1.5). Without loss of generality, suppose that T > a is large enough and t 1 > T so that x(t) > 0 for t > t 1 . According to (1.5) and (H), the following inequality is satisfied:
Taking the left conformable integral of order ρ to the above inequality from t 1 to t, we can obtain
From Lemma 4.1 and (4.8) we have
Then we get
So, we have 1-ρ for every sufficiently large T. Multiplying both sides of the above inequality by a constant (4.9) where Ψ and Ω are defined in (4.1) and (4.2), respectively.
Multiplying (4.9) by (
(4.10)
Take T 1 > T. We consider two cases as follows. 
The function h 4 (t) = (
α-1 is decreasing for ρ > 0, t > T 1 > w, and α < 1. Thus, we get
Then, from equation (4.10) and t ≥ T 1 , we get
which contradicts condition (4.6).
Case (2):
is decreasing for k < m -1 and ρ > 0. Thus, for t ≥ T 1 , we have 
Set t -w = s 2 , then the above integral can be written as the following form: 
